UNIQUENESS OF UNCONDITIONAL 
BASES IN BANACH SPACES 



P.G. Casazza and N.J. Kalton 

Abstract. 

We prove a general result on complemented unconditional basic sequences in 
Banach lattices and apply it to give some new examples of spaces with unique 
unconditional basis. We show that Tsirelson space and certain Nakano spaces 
have unique unconditional bases. We also construct an example of a space with a 
unique unconditional basis with a complemented subspace failing to have a unique 
unconditional basis. 



1. Introduction 

A Banach space with an unconditional basis is said to have a unique un- 
conditional basis if any two normalized unconditional bases are equivalent af- 
ter a permutation. It is well-known that £2 has a unique unconditional basis 
(cf. [17]) and a classic result of Lindenstrauss and Pelczynski [18] asserts that 
the spaces £\ and Co also have unique unconditional bases; later Lindenstrauss 
and Zippin [21] showed that this is the complete list of spaces with symmetric 
bases for which the unconditional basis is unique. Subsequently Edelstein and 
Wojtaszczyk [10] showed that direct sums of £±,£2 and cq also have unique un- 
conditional bases. In 1985, Bourgain, Casazza, Lindenstrauss and Tzafriri [3] 
studied the classification problem for such spaces. Their main results showed 
that ^1(^2), co(£i), £\{cq), 00(^2) and 2-convexified Tsirelson have unique un- 
conditional bases but that £2(^1) and £2(00) do not. Based on their results a 
complete classification looks hopeless. We also remark that a recent example of 
Gowers [12] may be easily shown to have unique unconditional basis. Thus there 
are many "pathological" spaces with unique unconditional basis. 
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In this paper we will give (Theorem 3.5) a simple and, we feel, useful char- 
acterization of complemented unconditional basic sequences in Banach sequence 
spaces which are not sufficiently Euclidean (i.e. do not have uniformly comple- 
mented i^s). This theorem is the discrete analogue of Theorem 8.1 of [14]; in 
fact the basic arguments are very similar to those given in [16] and [14], but we 
have opted to present a self-contained proof here. We then use this result and 
the recent work of Wojtaszczyk [26] to give some more examples of fairly natural 
spaces with unique unconditional basis. In Section 5, we introduce the class of 
left- and right-dominant bases and use this notion to show that the Nakano space 
£{p n ) has a unique unconditional basis if p n I 1 and (p n — p2 n ) logn is bounded 
(there is a dual result if p n | oo). We also show that Tsirelson space T has a 
unique unconditional basis (a question raised in [3] p. 62). In Section 6, we 
use similar techniques to show that certain complemented subspaces of Orlicz 
sequence spaces have unique unconditional bases. Based on these examples we 
are able to resolve Problem 11.2 (p. 104) of [3] by showing that there is a space 
with unique unconditional basis with a complemented subspace (spanned by a 
subsequence of the basis) failing to have unique unconditional basis. 

Also in Section 4, we use Theorem 3.5 to give a contribution to the problem of 
uniqueness of unconditional bases in finite-dimensional spaces. Specifically, we 
prove that in any class of finite-dimensional lattices so that IV, is not comple- 
mentably and disjointly represent able, the unconditional basis is almost unique; 
for a more precise statement see Theorem 4.1. 

We remark that the techniques developed here using Theorem 3.5 can be used 
successfully to obtain other results on uniqueness. In particular we plan to study 
unconditional bases in cq— products in a later publication. Since the arguments in 
such spaces are considerably more complicated, it seemed, however, appropriate 
to restrict attention here to some simple applications. 

2. Definitions and notation 

We will take the viewpoint that an unconditional basis in a Banach space X 
confers the structure of an atomic Banach lattice on X. We will thus adopt 
the language and structure of Banach lattices. It is well-known that a separable 
Banach lattice can be regarded as a Kothe function space. 

We will in general use the same notation as in [16]. Let O be a Polish space 
(i.e. a separable complete metric space) and let \i be a a— finite Borel measure on 
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O. We denote by L (n) the space of all Borel measurable functions on O, where 
we identify functions differing only on a set of measure zero; the natural topology 
of L is convergence in measure on sets of finite measure. An admissible norm is 
then a lower-semi-continuous map / — > ||/|| from Lq(/i) to [0, oo] such that: 



(a) \\af\\ = \a\ \\f\\ whenever «GR, / G Lq. 

(b) \\f + g\\< ll/H + |M|, for f,geL . 

(c) ll/H < H^ll, whenever |/| < \g\ a.e. (almost everywhere). 

(d) ll/H < oo for a dense set of / G L , 

(e) ll/H = if and only if / = a.e. 



A Kothe function space on (O, fi) is defined to be a dense order-ideal X in Lq(^) 
with an associated admissible norm || \\x such that if X max = {/ : ||/||x < oo} 
then either: 

(1) X = X max (X is maximal) or: 

(2) X is the closure of the simple functions in X max (X is minimal). 

Any order-continuous Kothe function space is minimal. Also any Kothe function 
space which does not contain a copy of cq is both maximal and minimal. 

If X is an order-continuous Kothe function space then X* can be identified 
with the Kothe function space of all / such that: 

\\f\\x* = sup / \fg\dfi < oo. 

\\9\\x<lJ 

X* is always maximal. 

A Kothe function space X is said to be p— convex (where 1 < p < oo) if there 
is a constant C such that for any /i, . . . , f n G X we have 

n n 

IKEl/il^lU^c^ii/,!^) 1 /". 

i=i i=i 

X is said to have an upper p-estimate if for some C and any disjoint fi, ■ ■ ■ , f n G 

X, 

n n 

\\J2f^^ c &Mx) 1/p - 
i=i i=i 

X is said to be q— concave (0 < q < oo) if for some c > and any /i, . . . , f n G X 
we have 

n n 

ii(Ei^i 9 ) 1/g ^^ c (En^iix) 1/g - 
i=i i=i 
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X is said to have a lower (/-estimate if for some c > and any disjoint /i, . . . , f n e 

n n 

\\Y,Mx^ c CE\\M q x) 1/q - 

i=i i=\ 

A Banach space X is said to be of (Rademacher) type p (1 < p < 2) if there is 
a constant C so that for any x±, . . . ,x n E. X, 

n n 

Ave || Y^emW ^CiJ^WxiW") 1 '* 

and X is of cotype g (2 < g < oo) if for some c > and any xi, . . . , x n e X we 
have 

n n 

Ave || Ve^U > c(V; Hxill') 1 ^. 

i=l i=l 

We recall that a Banach lattice has nontrivial cotype (i.e. has cotype q < oo 
for some q) if and only if it has nontrivial concavity (i.e. is q— concave for some 
q < oo). If X is a Banach lattice which has nontrivial concavity then there is a 
constant C = C(X) so that for any xi, . . . , x n e X we have 

1( Ave ||X:^II 2 ) 1/2 < ll(El^| 2 ) 1/2 IU < C{ Ave || ^^ll 2 ) 172 - 

fc = l fc=l k=l 

We will use the term sequence space to denote a Kothe function space X on 
N equipped with counting measure, and subject to the normalization constraint 
that ||ej||x = 1 for all j e N where ej = X{j}- It is clear that (e n ) forms 
an unconditional basis for a sequence space X if and only if X is minimal (or 
separable). We will consider finite-dimensional sequence spaces modelled on finite 
sets [N] = {1,2,... , A^} with counting measure. 

In keeping with current usage we will write coo for the space of finitely nonzero 
sequences. If A is a subset of N we write in place of xa and if x is any 
sequence we write Ax = e^x. If A, B are subsets of N we write A < B if a < b 
whenever a & A and b G B. If x is a sequence then supp x = {i: x(i) ^ 0}. 

Many of our examples will be Orlicz sequence spaces or more general Orlicz- 
Musielak or modular sequence spaces. If (F n ) is a sequence of Orlicz functions 
then the modular sequence space £(F n ) is the space of sequences (x{n))'^ =1 such 
that Yl°^=i Fn(\ x ( n )\) < °°5 with the norm 

\\x\\ e(Fn) = inf{A > 0: FniX-^xin)]) < 1}. 

71=1 
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In the case F n = F for all n we have the Orlicz space £p. If £(F n ) is separable 
or has finite cotype then the canonical basis vectors form an unconditional basis 
of £(F n )] otherwise they form an unconditional basis of their closed linear span 
h(p n )- We refer to [19] for the basic properties of modular sequence spaces. 

One special case is to take F n (t) = t Pn where 1 < p n < oo. This is often 
called a Nakano space and we denote it £(p n ). £{p n ) is separable if and only if 
supp n < oo. It may also be shown that if p n > 1 for all n and supp n < oo then 
£(Pn)* — £(Qn) where p~ x + q~ x = 1. If supp n = oo then we write h(p n ) for the 
closed linear span of the basis vectors, and we have h(p n )* = £{q n ). 

Let (u n ) and (v n ) be two unconditional basic sequences. We say that (u n ) and 
(v n ) are permutatively equivalent if there is a permutation n of N so that (u n ) 
and are equivalent. We say that (u n ) is equivalent to its square if (u n ) 

is permutatively equivalent to the basis {(ui, 0), (0, ui), (112, 0), . . . } of [u n ] © [u n ]. 
A Banach space X with an unconditional basis has a unique unconditional 
basis if any two normalized unconditional bases are permutatively equivalent. 
We remark that there is an important Cantor-Bernstein type principle which 
helps determine whether two unconditional bases are permutatively equivalent: 
if (u n ) is permutatively equivalent to some subset of (v n ) and if (v n ) is permu- 
tatively equivalent to some subset of (u n ) then (u n ) and (v n ) are permutatively 
equivalent. We are grateful to P. Wojtaszczyk for drawing our attention to this 
principle, which appears explicitly in [27] and is used in [26]. We are indebted 
to C. Bessaga for the information that the Cantor-Bernstein principle was used 
implicitly earlier by Mityagin in [22]. 

A Banach space X is called sufficiently Euclidean if there is a constant M 
so that for any n there are operators S: X — > an d T: — > X so that ST = I/m 
and ||S , ||||T|| < M. We will say that X is anti-Euclidean if it is not sufficiently 
Euclidean. 

A Banach lattice X is called sufficiently lattice Euclidean if there is a con- 
stant M so that for any n there are operators S: X — ► IV^ and T: £% — > X so that 
ST = I in and ||<S||||T|| < M, and such that S is a lattice homomorphism. This is 
equivalent to asking that £2 is finitely representable as a complemented sublattice 
of X. We will say that X is lattice anti-Euclidean if it is not sufficiently lattice 
Euclidean. We use the same terminology for an unconditional basic sequence, 
which we regard as inducing a lattice structure on its closed linear span. 

Finally if X is a family of Banach lattices we say that X is sufficiently lattice 
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Euclidean if there is a constant M so that for any n there exists X e X and 
operators 5: X -> ^ and T: -> X so that ST = 7^ and ||5||||T|| < M, and 
such that S is a lattice homomorphism. If X is not sufficiently lattice Euclidean 
we will say that it is lattice anti-Euclidean. 



3. Complemented unconditional basic sequences 

The main results of this section are Theorems 3.4 and 3.5, which show that 
complemented lattice anti-Euclidean unconditional basic sequences in an order- 
continuous Banach lattice or Banach sequence space take a particularly simple 
form. 

Lemma 3.1. Let X be a Banach sequence space and suppose (ui, . . . ,u n ) are 
disjoint elements of X + , and (it*, . . . , it*) are disjoint in X^_. Suppose that M > 
1 is a constant such that 

n n 

j=i j=i 

and 

n n 

ll^a^Hx^M^KI 2 )^ 

3=1 J'=l 

whenever oi,...,o„GR. Suppose further that 

n 

^~]{uj, Uj) = an. 

3=1 

Then t™ is 2M 2 a~ 1 -representable as a 2M 2 a~ l -complemented sublattice of X, 
for some m > \aM~ 2 n. 

Proof. We can clearly suppose that supp it = supp it*. Note that (itj,it*) < M 2 . 
Let J = {j: (uj,u*) > \a}. Then \ J\ > \M~ 2 an. Notice that for any (aj)j e j 
we have 

jeJ jeJ jeJ 

Thus 

^(£kf) 1/2 < nEwiu <m(£\«j\ 2 ) 1/2 

jeJ jeJ jeJ 
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so that [iij]j e j is (2M 2 )/a-lattice isomorphic to t 2 • If we l et 7j = ( u j^ u> j) 
then we can define a projection P onto [itj]jgj by 

p x = ^ 7 - 1 (x,uJ)uj. 

Then 
However, 



ieJ jeJ 

< M\\x\\ x (J2(*^*) 2 ) 1/2 
jeJ 



whence we obtain 

„ ,, 2 M 2 

\\Px\\x < \\ x \\x- 

a 

□ 

Lemma 3.2. Let X be a order- continuous Kothe function space on (CI, y). Sup- 
pose m G N, and G Li(fi) with > 0. Suppose fi, ■ ■ ■ , f n G -X + owd iet 
^ = (Sj=i ff) 1 ^ 2 an d Foe = niaxj /-,-. T/ien we can partition [n] = {1, 2, . . . , n} 
into m-sets J\, . . . ,J m and find a set A C Cl with f A (pdfi> | f^ifrdfx so that 
whenever a±, . . . , a m G R we /lave 

E ff) 1/2 XA\\x <2(\\F\\ x + 2.5™\\FMm-i/\J24) 1/2 - 
k=i jeJ k fc=i 



Proof. We may select a collection of 5 m points (o r )r=i m the unit sphere of 
£™ to form a |-net. Then if T: £™ — > F is any operator we have ||T|| < 
2 sup r < 5m ||T6 r ||y. 

Next let IT be the set of all m n partitions of [n] into m-sets n = (Ji, . . . , J m ) 

with a probability measure P defined to be normalized counting measure. For 

1 < I < m and 1 < j < n we define £y(7r) = 1 if j G J; and otherwise. The 

random variables £fci)£/j are independent if z 7^ j, and each have expectation 

1/m, and variance (m — l)/m 2 . We will use the fact that the covariance of £u 

and ^ is negative: it can be computed as —1/m 2 . 
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For each 7r G IT we set xi(ir) = (E j€ j, fj) 1/2 - Then for 1 < r < 5 m we 
define A(ir,r) to be the set of w G such that (YaLi WM^, UJ )?) 1/2 < 
m" 1 / 2 (F(o;) + 2.5^00(0;)). 

Let us fix cj and 1 < r < 5 m , and consider the random variable £ on II defined 

by 

m n m 

cw = Ei 6 n 2 E^( 7r )i^Mi 2 = Ei^i 2 i^(^^)i 2 . 
1=1 j=i 1=1 

Then 

/ CdP=-F{uf. 
J m 

Next we estimate the variance of ( recalling our previous observations concerning 
the random variables £ki- 

/(C - ^M 2 ) 2 dP < 1 f; |6[| 4 l/.MI 4 < ^F{uf Foo {uf. 

1=1 j=l 

Now 

1 4 ^ m 

(C - -F{uffdP > —FiufFeoiufPiu, i A(n, r)). 

Thus 

P(u i A(ir,r)) < 



4.5 m 

Let B(jr, r) be the complement of A(jr, r). Then 



Summing over r we further obtain the existence of some tt so that 

5" 



/ (f>y2xB(n,r) dfl < \ [ (f)d/I. 



For this fixed n, let B = U^ 1 S(7r, r). Then § B (\>d\i< \ J Q (j)d^. Let A be the 
complement of B. Then f A <fidfi> | J n 
For 1 < r < 5 m we then have that 

XA (^ |6[| 2 ^) 2 ) 1/2 < m-^iF + 2.5 m F OQ ). 
1=1 

By considering the map T: If -> X(£ 2 ) defined by T(e/) = (0, . . . , 0, x h 0, . . . ) 
with xi in the Zth. position it follows that for every a±, . . . , a m we have 

m m 

k| 2 M 2 ) 1/2 XA||x < 2m- 1 /2(|| jP | U + 2.5™||F 00 || X )(£ |a,| 2 ) 1/2 . □ 
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Lemma 3.3. Let X be a lattice anti-Euclidean family of Banach sequence spaces. 
Then, given M there exists 5 = S(M) > with the following property. Suppose 
that Y is an order- continuous Kothe function space on (O, y) and X G X . Let 
d = dim X < oo. Suppose S: X — > Y and T: Y — > X are bounded operators 
with \\S\\, \\T\\ < M. Suppose (h n )% =1 G safe/?/ < /i n < l^enH^en] and 

f h n d[i > M _1 . Then, for any N < d, and any a\, . . . , ajv, 

f N 

/ max |ctfc/ifc| (i/U > 5 > | ck^ | . 

Proof. Let us suppose that for some M the conclusion of the lemma is false. 
Suppose m G N is given. We put e = (2.5 m ) _1 . Then we can find X £ X 
and 5: X -> Y, T: F -> X with ||S||, ||T|| < M and < /i n < |Se n ||T*e n | for 
1 < n < d = dim X with J h n d/j > M~ x and such that for suitable < £ G coo 
and JVeN, with ||C||i = 1 and ((i) = for all i > N, we have 

/" e 2 
/ max C(k)h k du < 
7 n i<fc<iv sv ; r 16M 4 

Let / n = Se n and =T*e n . Notice that this implies that 

\\h n \\i < \\Se n \\ Y \\T*e n \\Y* <M 2 . 

It follows from Krivine's theorem ([20] Theorem l.f.4, p. 93) that if «i, . . . ,a n G 
R then 

n n 

ll(E^ 2 ) 1/2 ^^^M||^a fc e fc || x , 
k=i k=i 

n n 

\\(J2 a l9 2 k) 1/2 \\Y'<K G M\\J2^e k \\x*, 
k=i k=i 

where Kg is as usual the Grothendieck constant. 

By a well-known theorem of Lozanovskii we can factorize ( = ££* where < 
G c o have the same support as ( and satisfy = ||£*||x* = 1- 

Next let F = (Ef=i i( k ff k ) 1/2 e Y - lt follows from the remarks above that 
\\F\\ Y < K G M. Similarly if G = (J2k=iZ*(k) 2 gl) 1/2 G Y* then < KqM. 

Finally let if = ELiC(^)^- Then M" 1 < ||iT||i = jHdy<M 2 . 

For each fc let B k = {£(k)f k > eF} and B* k = {t*{k)g k > eG}. We will let 
A k = Q\(B k UB* k ). 
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Now if ui E B k we have F^*{k)gk{oj) < e 1 ((k)hk(u>) and so 

N N N 



k=i k=i k=i 

N 

<FC£C(k)V k ) 1/2 



k=l 

N 



<e-\J2^) 2 hl) 1/2 



k=i 



< e^H^i max ((k)h k ) 1/2 . 

l<k<N 



From this we deduce that 

N 



k=i 



Similarly 



Hence 



N 1 

£c(*o>*fcXB-iii<^. 



k=i 



[j2((k)h kX A k dv > 7^7 • 
J k=l 

Now maxi< j< N ^{j)fjXA j < while maxi<j< N ^*{j)gjXAj < eG. Consider 
X © X* (with the maximum norm) as a Kothe function space on two copies 
of (fl,fjL) and consider the functions (£(j)fjXAj,£*{j)9jXAj) m X Q)X*. Using 
Lemma 3.2 with = (Y.k=iC(k)hkXA k ,Y.k=i h kXA k ) it is easy to deduce the 
existence of a Borel subset D of O with 



TV 1 

/ ^C{k)h k XA k dn > — 
jD k=i 



and a partition Ji, . . . , J m of [AT] so that for any a\, . . . , a m we have 

m m 

\\C£ a l E ^0') 2 /^) 1/2 Xd||x <4K G Mm"V2(^ a 2)i/2 

fc=l jEJfe fc=l 



and 



(E a * E emhA^xnU* < AK G Mm-^c£ a i) 1/2 - 

k=l j'SJfe k = l 
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Let L be the set of 1 < j < N so that ||/ijXA-n£>||i > 4^- Then 



so that 



Now let 



and 



j y.^)h jX A j dn>^ M . 

JD jeL 

jeJ k nL 



jeJknL 

Consider an element v = YHk=i a k u k £ X and let v* = YljeL v *(j) e j e 
norm v, i.e. ||i>*||x* = 1 and (v,v*) = \\v\\x- 
Then 

\\v\\x < 4Mj2 v (j) v *(j) / hjXAjnDdfJL 
jeL J 

J jeL jeL 

<4M||(^,( J ) 2 /^nz,) 1/2 |UII(E^0') 2 ^ 2 ) 1/2 IU*. 
jeL jeL 

Here the first factor can be estimated by AKGM(J2k=i ^k) 1 ^ 2 an d the second 
factor by Krivine's theorem is majorized by KqM. Hence 

m 

\\v\\ x <2^K%M^4) 1/2 - 
k=i 

Thus we have the inequality ' 

m m 

\\J2*kU k \\x <2±KlM\Y,4) l/2 - 

fc=l k=l 

Precisely dual arguments will yield that 

m m 

\\Y,wl\\x* <2*K* G M\J24) 1/2 - 

k=l k=l 

Finally E)T=i <«*»«*> = ™£ je z, CC?) > l m L C0>;Xa, > 2^M^m. 

Now Lemma 3.1 yields that l™° is 2 9 i^M 7 -complementably 2 9 K^,M 7 -lattice 
finitely representable in X for some m. 
It is clear that this impossible for arbitrarily large m. □ 
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Theorem 3.4. Let Y be a nonatomic order- continuous Banach lattice and sup- 
pose that (f n ) is a complemented unconditional basic sequence in Y. Suppose 
(f n ) is lattice anti- Euclidean. Then (f n ) is equivalent to a complemented disjoint 
sequence (/^) inY . 

Proof. We suppose that Y is an order-continuous Kothe function space on (O, fi), 
where \i is nonatomic. Let X be the sequence space induced by (/ n ), and let 
S: X — > Y be the bounded linear map with Se n = f n . Then there is also a 
bounded linear map T: Y — > X with TS = Ix- As before let g n = T*e n and 
h n = \fn9n\- Then for suitable 5 > we have 

f N 

/ max \a k h k \ > 5 \a k \ 

for every N,et\,... , ckjv- By a result of Dor [9] there exist disjoint Borel sets 
(E n )^Li so that f E h n dji = 5. It is then easy to verify that (\f n \XE n )%Li is a 
complemented disjoint sequence equivalent to (/ n ). Indeed define U: X — > Y~ by 
t^e n = / nXs „ and V: F - X by = ^fa, l^lxs,)- Then VU = I x and 

for any £ e coo we have 

CO 

Wt\W < \\(EWft 1/2 Wr ^ k gMM\\x. 

3 = 1 

Also if e c o then 

CO 

\(Vy,n\ < S-Hlvl, C£Z*0) 2 9]) 1/2 ) < S-'KgMWCWx*. 

j'=i 

Thus t/, F are both bounded operators and the theorem is proved. □ 

Unfortunately if Y is a sequence space the result is not quite so clean. We first 
state the corresponding theorem and then a more general technical result which 
includes the theorem. 

Theorem 3.5. Let Y be a Banach sequence space and suppose that (f n ) is a 
complemented unconditional basic sequence in Y. Suppose (f n ) is lattice anti- 
Euclidean. Then (f n ) is equivalent to a complemented disjoint sequence (f' n ) in 
Y N for some natural number N. 



12 



Theorem 3.6. Let X be a lattice anti- Euclidean family of Banach sequence 
spaces. Then given M > 1 there is a constant C = C(M) and a natural number 
N = N(M) so that the following property holds. 

Suppose Y is a Banach sequence space and X e X with dim X = d < oo. 
Suppose S: X — > Y and T: Y — > X are bounded operators with \\S\\, \\T\\ < M. 
Let f n = Se n and g n = T*e n for n < d and suppose E n are disjoint subsets 
of N so that \\fn9nXE n \\i > M _1 . Then we can find subsets (Fj- n ) of N for 
1 < k < N and 1 < n < d so that (1) F^n C E n , (2) for each fixed k, the 
sets (Fkn) are pairwise disjoint, (3) for each fixed n, the sets (Ff. n ) are pairwise 
disjoint and (4) the disjoint sequence (fn)n=i defined by f' n = (f n XF kn )k=i ^ n 
Y N is C -complemented and C-equivalent to the unit vectors (e n )^ =1 in X. 

Remark. Of course if we take X as having one member and E n = N, this implies 
Theorem 3.5. However, the quantitative version will be of some importance. 

Proof. Let 6 = 8(M, X) be determined as in Lemma 3.3. We will show that 
N = [2M5' 1 ] and C = 2K^5~ 1 M 2 N 2 have the property claimed. 

Let h n = \f n 9n\XE n - Then by Lemma 3.3 we can define an operator R: l\ — > 
£i(cq) by R(C) = (C(k)hk)^Li- (For notational convenience we will assume that 
d = dim X = oo; minor modifications can be made if d < oo.) Now ||i?|| < M 2 
and ||-R(£)|| > <5||C||i f° r an C £ We therefore can apply the Hahn-Banach 
theorem to find a linear functional $ = (<^ n )^Li £ ^oo(^i) so that ||$|| < 1 and 
$(R() = 5J2n=i CH for all C G h. In other words, 

oo 

sup^|0 n (A;)| < 1 

k n=l 

and 

oo 

^2<p n (k)h n (k) = 5 
k=i 

for each n. 

Let A n = {k: \(j> n (k)\ > 1/(MN)}. Then 

\Mk)\hn(k) > U. 

Now J2'^=iXA rL (k) < NY^^Li \4>n(k)\ < N. It follows that we can decompose 
A n = U^ =1 F fcn as a disjoint union where for each 1 < k < N the sets (F kn )^ =1 
are disjoint. 
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Let f' n = (\f n \XF kn )k=i e Y N (which we consider as an £ 2 -swxi). Similarly, let 
9'n = (\9n\XF k X =1 I (Y*) N . Then 

(fLg'n) = E M*) > E \Mk)K(k) > \s. 

k(E.A n k(E.A n 

Let (3 n = U'n^'n) and define U: X ^ Y N and V: Y N — > X by U{£) = 

Ej°li Z(j)fj and ^(y)(i) = Pj x (yi 9j) where y = (yu • • • , yw)- 

Suppose £ G coo- Then 

oo 

From this it quickly follows that U is well-defined and bounded with \\U\\ < 
KqMN. On the other hand if £ e coo then 

AT 

(^y,0 < 25- 1 (El^| ) niax|eO-)^|) < 2K G 5- 1 MN\\y\\ YN 

fc=l 

so that ||V|| < 2if G <r 1 MiV. Since V?7 = I x the proof is complete. □ 

Remarks. It is not possible to improve Theorem 3.5 by replacing Y N by Y . 
We sketch an example. Gowers [12] (cf [13]) has constructed a sequence space 
with the property that every bounded operator is a strictly singular perturbation 
of a diagonal operator. Let 1 < p < 2 and consider the space G = G(£p ) 
(i.e. the direct sum in the sense of G of spaces £p .) The obvious basis is anti- 
lattice Euclidean (in fact G is p-concave). However G has another unconditional 
basis which is formed by taking the Haar basis in each co-ordinate. It may be 
shown that the original basis is not equivalent to a block basis of this basis. 
We remark, however, that, in this example N = 2 suffices and we know of no 
example where N = 2 does not suffice. A somewhat similar problem is considered 
by Wojtaszczyk [26] for certain types of bases in quasi-Banach spaces. 

We also remark that a continuous analogue of Theorems 3.4 and 3.5 is proved 
by somewhat similar techniques in [14], Theorem 8.1. This result which follows 
from work in [16] was, in fact, the basis for the proof given here. We have opted 
however for a completely self-contained approach. 
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4. Applications to finite-dimensional spaces 



Before stating our first application, let us recall some definitions from [7]. Let 
X be a family of finite-dimensional Banach sequence spaces. Suppose first each 
X G X is a symmetric space. Then we say the members of X have a unique 
symmetric basis if there is a function if;: [1, oo) — > [1, oo) so that if (v,i)f™ x is a 
normalized X-symmetric basis of some X £ J 7 then ('Ui)f™ x is ip(K)— equivalent 
to (ei)f™ x . 

Now consider the case when each X is not necessarily symmetric. 

Then we say the members of X have an almost (somewhat) unique un- 
conditional basis if there is a function <p: [1, oo) x (0, 1) so that given K > 1, 
then for any < a < 1 (resp. for some < a = a(K) < 1) it is true that 
whenever X <E X has a normalized ^-unconditional basis (ui)f™ x then there is 
a subset a of [dim X] with \a\ > ctdim X and a one-one map 7r: a — > [dim X] so 
that (ej)j e<T is ^(K, a)— equivalent to (-u^i))^- 

The following theorem shows that any collection of finite-dimensional spaces 
which form a lattice anti-Euclidean family (i.e. do not have uniformly comple- 
mented £2 — sublattices) have almost unique unconditional bases. In particular in 
any such class the symmetric basis is unique; both these results are new. There 
are, however, numerous results of this type in the literature. It was shown by 
Gowers [11] that the symmetric basis is not unique for the class of all symmet- 
ric spaces, but positive results for various classes are given in [4], [7], [15] and 
[24]. The problem of almost or somewhat uniqueness for unconditional bases for 
various classes was considered in [24] and [7]. 

Theorem 4.1. Let X be a lattice anti- Euclidean family of finite- dimensional 
sequence spaces. Then the members of X have almost unique unconditional bases. 

In order to prove this we will need a lemma, due essentially to Wojtaszczyk 
[26] . Our statement is a modification and we will avoid the language of bipartite 
graph theory. Suppose n G N and let G be a subset of [n] x [n]. For i G [n] let 
Vi be the set of j so that for some k G [n], (i, k) and (j, k) G G. For A C [n] let 
V(A) = V 1 (A) = U zeA Vi and then define inductively V r (A) = V{V r ~ 1 {A)); let 
V[ = V r ({i}). Finally let G r be the set of so that for some k G [n] we have 
(k,j) G G and k G V{ . 

Lemma 4.2. Assume G is as above. Suppose (wij)i,jg[n] are such that: 
(V YTj=i w H = 1 for i G [n], 
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(2) Eti^j = 1 for J e[n]. 

Let M = maxi<j< n Ym=i \ w ij\ an< ^ ^ = j)£G \ w ij\- Then for any r there 
is a subset a of [n] with \o~\ > n — 36 — Mr~ 1 n and a one-one map tv: a — > [n] 
with (i, 7r(z)) G G r for i G a. 

Proof. Note first that either Vi is empty or z G Vf, let E be the set of % such that 
Vi is empty. Then \E\ = ^2 ieE Y^=i w ij — °- F° r an y A we have A C V(-A) U i? 
and V(A) n E = ®. Thus the sequence (V S (A))™ =1 is increasing and so for every 
1 < s < r we have 

\V S (A)\ > \A\-b. 

For future reference we let V°(A) = A\E and have the same inequality. Now for 
any A c [n] let A* = {j: 3i G A, G G} and A+ = {j: 3i e A : G G r }. 

Then A+ = (V r (A))*. 

Assume for some A we have \A + \ < \A\. Then there exists some < s < r — 1 
so that \V S+1 (A)*\ < iV^Ayi+r- 1 ^. (Here we recall V°(A) = A\E.). Notice 
V S+1 (A) D V s (A). We now compute 

n 

\V*+\A)\= !>« 

i£V" s +i(A) j€V s + 1 ( J 4)* 

<6 + M(|F s + 1 (A)*|-|^WI) + E ^ 

n 

< 26 + Mr _1 |A| + E E ^ 

*=1 jeV s (A)* 

= 2b + Mr~ 1 \A\ + \V S (A)*\. 

Hence 

\A\ < 36 + Mr"Vl + 

Combining we have \A + \ > \A\ — 36 — Mr~ 1 n. The result then follows from 
Hall's Marriage Lemma [2]. □ 

Proof of Theorem 4-1- It will suffice to show that for any e > and M > 1 there 
is a constant C = C(e, M, with the property that whenever X, F are finite- 
dimensional sequence spaces with X G X and if S 1 : X — > F is an isomorphism with 

16 



max(||S||, ||S _1 ||) < M then there is a subset a of [dim X] with \a\ > (l-e)dim X 
and a one-one map it: a — > [dim X] so that for any (ai)i 6cr we have 

5^aie»||x < II ^Oiie^^Wv < C\\ E^^llx- 

Let n = dim X and let T = S 1-1 . As before, let Se^ = /j and T*e^ = ^ for 
1 < i < n. Let Wjj = fi(j)gi(j). Then £)™ =1 w y = 1 for a11 3 and Z)"=i = 1 
for all %. Furthermore, £" =1 \ w u\ = lll^* e jll Te illli < ll^* e jlU* \\Tej\\ x < M 2 . 

Now by Lemma 3.3 there exists a 6 = 8(e, M) so that if for some subset r of 
[n] we choose < hk < |/fc||<7fc| for k E r so that > e/8 then 

|| max]a: fc /i fc |||i > 6^ \a k \ 

fcEr * — * 

for all (afe)fc er . Next choose 77 = |5eM -2 . 

We let G be the set of pairs so that |tUjj| > r\. Then 

E \ w ij\ = Yl Wfi9iXAi\\l 
(i,j)£G i=l 

where A* = {j: |tUy| < 77. Let /i; = \Ugi\xAi and let r = {i: ||/ij||i > |e}. Then 

5|r| < || max /ij ||i < nr\ 

so that |t| < \eM~ 2 n. Hence X^ eT IIMi - | en - However IIMi - | m - 

Combining we have 

x ^ 1 

We can now apply Lemma 4.2. We choose r = [4M 2 e] + 1 so that we have 
a subset a of [n] with |a| > (1 — e)n and a one-one map it: a — > [n] so that 
(i, 7r(z)) G G r for z G cr. 

Note that if (i, j) G G then |^(j)| > S/M. Now by Krivine's theorem if 

(cti)2 =1 are scalars then 

n n 

\\C£^ff) 1/2 \W <KgM\\Y,^\\ x . 

i=i i=i 

Hence 

n 

IK E «^) 1/2 Hr <K G M 2 d- 1 \\J2^e l \\ x . 

(iJ)EG i=l 
17 



Similarly, a dual argument gives that 

n 

IK E <$ei) 1/2 \\x<K G M*6- 1 \\Y i a j e s \\ Y . 

(i,j)eG j=l 

Iterating these conditions gives that if C = {KqM 2 5~ 1 Y +1 then 

||( ^)^ 2 ||y<C||f> ei ||x. 

(i,j)€G- i=l 



It follows that 



Similarly we have 



S ^2^i^{i)\w < c\\ E a * e iiu- 



( «^) 1/2 |k<C||^a iei || x , 

(i,j)eG' i=i 



so that 



ii e^^h* - ^11 E^wii 7 

j£cr j£cr 

so that the result follows. □ 



5. Right- and left-dominant spaces 

Let X be a sequence space. We will say that X is left-dominant with 
constant 7 > 1 if whenever (u±, U2, ■ ■ ■ ,u n ) and (vi, . . . ,v n ) are two disjoint 
sequences in coo with ||itfc||x > ll^fcllx an d such that supp Vk > supp Uk for 
1 < k < n then || Yl 7 k=i v k\\x < 7|| Z)fc=i Similarly, we will say that X 

is right-dominant with constant 7 if whenever (iti, . . . , u n ) and (y\, . . . , v n ) 
are two disjoint sequences with ||itfc||x < ll^fcllx an d supp Vk > supp Uk for 
1 < fc < n then || ££ =1 u k \\x < l\\ Y2=i v k\\x- 

We will refer to any normalized unconditional basic sequence as being left- 
or right-dominant according as the associated sequence space is left- or right- 
dominant. 

18 



Lemma 5.1. X is left-dominant with constant 7 if and only if X* is right- 
dominant with constant 7. 

Proof. Let us prove that if X is left-dominant then X* is right-dominant; the 
other direction is similar. Suppose (1/*, . . . , it*) and (1;*,... ,i>*) are two se- 
quences in coo with ||it*,||x* < Ibfcllx* for 1 < k < n and supp u* k < supp v%. 
There exists x G X supported on U™ =1 supp u* with \\x\\ = 1 and (x, EILi u t) = 
II ET=i u i\\x*- Let x = ElLi Ui wnere supp Ui C supp u*. Next pick Vi of norm 
one with support contained in supp v* so that (vi,v*) = \\v*\\x*- Finally let 
V = E"=i \\ui\\xVi. Then ||y|| < 7||x|| = 7. Also 

n n 

i=l i=l 

n 

i=l 

n 

>iij>*ik*. ° 

i=i 

If N is a natural number we denote by Xn the space X[N + 1, 00) of all x G X 
such that x{k) =0 when k < N. 

Lemma 5.2. Suppose X is a left-(resp. right-) dominant sequence space. Sup- 
pose 1 < p < 00 and £ p is disjointly finitely representable in X . Then : 

(1) X satisfies a lower- (resp. upper-) p-estimate . 

(2) There is a constant K so that for any n G N, there exists N G N so that Xn 
satisfies an upper- (resp. lower-) estimate with constant K on n vectors. 

Proof. We consider only the case of a left-dominant space, and assume that 
£ p is C-disjointly representable in X (actually by Krivine's theorem [19] we 
could suppose C = 1). For notational convenience suppose p < 00. Suppose 
disjoint in coo- Then there exist yi,... , y n disjoint in X with 
max/j supp Xk < supp y,- for 1 < j < n such that \\yj\\ = \\xj\\ and || E?=i — 

(2C)- i (e;=iIi^ii p ) 1/p - Thus he;=i^-ii > (2<?7)-he?=i ini p ) 1/p - c on - 

versely, if we fix n and choose any yi,... , y n normalized, disjoint and 2C- 
equivalent to an £p-basis then if N = max/t supp yk and disjoint 
in X„ then || M < 7 || E"=i 11%' II < (2C 7 )|| E"=i INI P ) 1/p - □ 

It follows from Lemma 5.2 and Krivine's theorem that if X is left- or right- 
dominant then there is exactly one r = r(X) so that £ r is disjointly finitely 
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representable in X. Let us call r the index of X. If X is right-dominant and of 
index oo then clearly X = cq while if X is left-dominant of index 1 then X = i\. 
A right-dominant space of finite index has a nontrivial lower estimate and so can 
realized as the dual of left-dominant space of index greater than one. 

Notice that it also follows from Lemma 5.2 that every left- or right-dominant 
sequence space is an asymptotically £ r space where r = r(X) (cf. [23], p. 221). We 
now turn our attention to the problem of deciding when a left- or right-dominant 
space is sufficiently Euclidean. 

Proposition 5.3. Let X be a left- or right- dominant sequence space. Then X 
is sufficiently Euclidean if and only if 1 < r(X) < oo. 

Proof. Let U be a nonprincipal ultrafilter on the natural numbers and let X n = 
X[n,oo). Let Y be the ultraproduct £oo(X n ) /^^(Xn) where co j n(X n ) consists 
of all sequences (x n ) G £ 00 (X n ) with lim ne ^ \\x n \\ = 0. Then X is sufficiently 
Euclidean if and only if £2 embeds complementably into Y. Assume X is left- 
or right-dominant with index r. Then Y is a Banach lattice with an upper and 
lower r-estimate. This implies Y is isomorphic to an abstract L r -space and so 
the result follows. □ 

Proposition 5.4. Suppose (u n ) is a left- (resp. right-) dominant basis and that 
% is a permutation of the natural numbers such that («„■(„)) is also left- (resp. 
right-) dominant. Then there is a constant C such that for any a G coo 

00 00 
II ^2a k u 2 k\\ < C\\ y^Q!fc^7i-(fc)|| 

fc=l k=l 

( respectively, 

00 00 

11 y^«fc^2fcii > c _i n 5^ afct M fc )ii-) 

k=i k=i 

Proof. We treat only the left-dominant case. Define a sequence (s n ) inductively 
as follows. Let s± = 1 and then let s n be the least m so that m G 7r{n,n + 
1, . . . } \ {si, . . . , s n _i}. Note that s n < 2n — 1 < 2n and that (s n ) increases. 
Further s n = ir(r n ) where r n > n. Hence dominates (u 8n ) which in turn 

dominates (u2 n )- This establishes the result. □ 

Proposition 5.5. Let (u n ) be a left- (resp. right-) dominant basis of a Banach 
space X. In order that (u n ) be equivalent to its square it is necessary and sufficient 
that (u n ) be equivalent to (u2 n )- 
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Remark. Clearly (u n ) is equivalent to (u2 n ) if and only if (u n ) is equivalent to 
(it Am) f° r any i n view of the dominance assumption. 

Proof. Consider the left-dominant case and assume (u n ) is equivalent to its 
square. Let (v n ) be the natural basis of X 4 with (v4 n -j) equivalent to (u n ), 
for < j < 3. Then (v n ) is left-dominant. Since some permutation of (v n ) is 
equivalent to (u n ) we have that {u n ) dominates (i>2n) and hence (u2 n ) dominates 
(u n ). This implies (u n ) and («2n) are equivalent. The other case is similar and 
the other direction is trivial. □ 

Theorem 5.6. Let X be a left- or right- dominant separable sequence space and 
that (u n ) is a complemented normalized disjoint sequence in X. Then (u n ) is 
permutatively equivalent to a subsequence of the canonical unconditional basis 
(e„) ofX. 

Proof. Let us assume the basis is left- dominant; the case of a right-dominant basis 
is almost identical. We can assume the dual functionals (u* n ) in X* have the same 
support as (u n ). Let f n = \u n \\u n \ G £±. For each n pick k n e supp u n so that 
||/ne[i,fc„]||i > \ and ||/„e[ fcn>00 )||i > \. Let v n = u n e [likn] and w n = u n e [knj0o) . 
Now we argue that (v n ) and (w n ) are both equivalent to (u n ). Indeed the operator 
Tx = J2^=i( x A u n\) u n is easily seen to be bounded on X. We have T|i; n | = a„ti„, 
and T\w n \ = f3 n u n where a n , f3 n > 1/2. It follows that both (|i> n |) and (\w n \) are 
equivalent to (u n ) and the desired conclusion follows. 

Now if X is left-dominant (v n ) dominates (e*:„); to see this just note that 
Ke[i,jfe„)) dominates {\\v n e^ kn) \\e kn ). Similarly, (e kn ) dominates (w n ). Thus 
(u n ) is equivalent to (e kn ). □ 

Theorem 5.7. Let X be a separable left- or right- dominant sequence space. 
Suppose that r(X) = 1 or r(X) = oo and that (e n ) and (e2 n ) o,re equivalent. 
Then every complemented normalized unconditional basic sequence is equivalent 
to a subsequence of the basis and X has a unique unconditional basis. 

Proof. We assume X left-dominant. Let (u n ) be any complemented normalized 
unconditional basic sequence in X. Then (u n ) is anti-lattice Euclidean by Propo- 
sition 5.3 and so by Theorem 3.5 and the hypothesis on X, (u n ) is equivalent to 
a complemented disjoint sequence in X. By Theorem 5.6, this implies that (u n ) 
is permutatively equivalent to a subsequence (e kn ) of (e n ). 

We now restrict to the case when (u n ) is an unconditional basis of X. Applying 
Theorem 3.5 again we see that (e n ) is equivalent to a complemented disjoint 
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sequence in the iV-fold sum basis (u n ) N of X N . Now (e/ £ „) 7V arranged in the 
obvious order is also a left-dominant basis. Here the "obvious order" (f n ) is to 
take fN(j-i)+ s to be (0, . . . , 0, e^. , 0, . . . ) G X N , where is in the sth. co- 
ordinate. Hence (e n ) is permutatively equivalent to a subset of (ek n ) N ■ However 
( e k n ) N is permutatively equivalent to a subset of (e n ) N which is permutatively 
equivalent to (e n ). By the Cantor-Bernstein principle [27], this means that (ek n ) N 
is permutatively equivalent to (e n ). 

Now (fk) dominates (e2k) by Proposition 5.4 and similarly (e^) dominates 
(/2fc). Hence, since (e^) and (e4fc) are equivalent we have that (/2/c) is equiv- 
alent to (efc). Now (/2n-i)n>i is dominated by /2, /4, • • • ) and dominates 
(/i>/4>/8> • • • ) and thus is also equivalent to (/2n)- Hence (/ n ) is equivalent to 
(e n ). Now f Nn is equivalent to eAr n and hence to (e n ). Thus (efc n ) is equivalent 
to (e n ). The result now follows. □ 

Remarks. There is a natural question here, which is also suggested by the work 
of Wojtaszczyk [26]. Suppose (x n ) and (y n ) are two unconditional bases whose 
squares are permutatively equivalent; does it follow that (x n ) and (y n ) are per- 
mutatively equivalent? The corresponding Banach space problem has a negative 
solution. An example of Gowers [13] shows that there is a Banach space X so 
that X and X 2 are not isomorphic but X 2 and X 4 are isomorphic. 

Theorem 5.8. Suppose that 1 < p n < 00 for all n and that p n j 1. Suppose that 
for some constant a > 

1 1 a 

< 



P2n Pn log U 

for n > 2. Then the Nakano space £{p n ) has a unique unconditional basis. 
Similarly if p n j 00 and for some constant a > 

1 1 a 



2?2n logn 

/or 77, > 2, t/ien /i(p n ) /ias a unique unconditional basis. 

Proof. If Pn i 1 then X = £(p n ) has a right-dominant basis with r{X) = 1. 

The assumption that j ^- = (9((logn) _1 ) implies that the basic sequences 

(e n ) and (e2 n ) are equivalent by an old result of Simons [25]. The second case is 
similar (or dual). □ 
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Theorem 5.9. Let p n I 1 be such that p n = 1 + O(logn) 1 . Assume (N n ) is 
an increasing sequence of natural numbers such that — j- = (3((log iV n ) _1 ) 
and inf n N n+1 /N n > 1. Then £\{£p™) has a unique unconditional basis. 

Proof. Let q n be the sequence obtained by writing out pi, Ni times, p 2 N 2 
times etc. It is clear that the Nakano space £(q n ) can be written as vector- 
valued Nakano space £(p n )(£p™). But by Simons's theorem [25] £(p n ) = £\- Let 

M n = Ni H hiV„. Then M n < cN n for some c. If M n _i < k < M n and 

M m _x < 2/c < M m we have that either m — n < lor (m — n — l)N n < k. 

Thus (m — n) is bounded independent of k and so — = 0((logiV n ) _1 ) = 

0(log/c) _1 . The result follows from Theorem 5.8. □ 

Remark. We do not know if Theorem 5.9 holds for any space £i(£p™) where 
p n I 1. 

Our final example of this section is the now classical Tsirelson space. We refer 
to [8] for full details of this space. We recall that the Tsirelson norm || \\ T on c o 
is the minimal norm satisfying ||x||t > IMloo and 

^ n n 

2^INI T - llZ^'H T 

3=1 3=1 

whenever n < supp x\ < supp X2 < • • • < supp x n . Tsirelson space is the se- 
quence space T obtained by completing coo with respect to this norm. This 
space is the dual of the original Tsirelson space. We will need an alternative 
norm || which is defined to be the least norm satisfying \\x\\j, > ||x||<x> an d 

2n 2n 



»■ . il " 

3 = 1 3=1 



whenever x±, . . . , xm are disjoint and n < supp xj for j = 1, 2, . . . , 2n. 
Lemma 5.10. For x G coo /lave < \\x\\1p < 4\\x\\t- 

Proof. Let || ||^ be the least norm on coo so that \\x\\' T > ||a;||oo and 

2 H^'Ht 1 — II ^'Ht 1 

J'=l j=l 

whenever n < supp x\ < supp X2 < • • • < supp X2 n - By [5] we have \\x\\t < 
II^IIt — 2||^||t and by [1] we have \\x\\' T < \\x\\j, < 2\\x\\' T . □ 

We now prove that Tsirelson space is right-dominant. This result was stated 

without proof in [3], and generalizes Lemma II. 1 of [8]. 

23 



Lemma 5.11. Suppose xi, . . . , xn are disjoint in coo and let a k = max supp x k . 
Then 



N N 

\* 

-a k \\t- 

fc=l k=l 



5^^fc||r < 4|| ^ \\ x k\We c 



Proof. Indeed if this inequality is false there exist disjoint x±, . . . ,xn with sup- 
port supp {x\ + • • • + xn) of minimal cardinality such that 

N N 

II y^frfcllr > 4|| ^ WxkWreaJ* 



IT- 

k=l fc=l 



Let x = ^2 k=1 Xk- Then clearly \\x\\t > ||#||oo- Hence there exists n > 2, and 
finite intervals n < E\ < E 2 < ■ ■ ■ < E n so that E k x ^ for k = 1, 2, . . . , n and 



1 n 



I 3v 1 1 j 

Using the minimal cardinality of x we have that U k=1 E k contains supp x. Note 
first that for any j we have 

1 n 

Uj\\T > g ^2\\ E kXj\W- 

k=l 

Now let Gfc = {j: supp C E k } and let i?£ be the set of j so that cij G 
but j i G k . 

Then \H k \ < mini^ so that 

II IN^- IIt > ^ II^H T - 
jeH k jeH k 

Thus 

1 n 

2 S HH^'Ht - 2 H I] IkjIlreaJlT- 

jeHfc i=i jeH k 

Also, by our minimality assumption we have 

^\\E k x j\\t < 2|| ^ INIreaJr- 

jeG k jeG k 

Combining these statements we obtain 
1 



-J2\\Ekx\\ T <2j2\\ 11^11^11? + 2^11 W x j\\^a 

k=l k=l jeG k fc=l jeH k 

N 

<M\^2\M\Te aj \\t 

3 = 1 

as required. □ 
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Proposition 5.12. Tsirelson space T is right-dominant. 

Proof. Suppose that (xj)" =1 , (yj)?=i are two disjoint sequences with Xj,yj G coo 
and < llyjllr and supp Xj < supp y 3 - for 1 < j < n. Let a,j = maxsupp Xj. 

Then 

n n 

II^^-IIt < 4||^||^|| T e a .||| 
j=i i=i 

The proof of Lemma II. 1 of [8] works for the norm || ||^ with only notational 
changes and yields that 

n n 

\\^\\xj\\Te aj \\f < llX^'H? 
i=i i=i 

since ||^-||t < 11%'IIt- Combining we obtain that 

n n 

W^xjWt < 16\\^2yj\\ T . 

3=1 3=1 

Thus T is right-dominant. □ 

Remark. Of course this implies that p— convexified Tsirelson also is right- 
dominant for 1 < p < oo. 

Theorem 5.13. Tsirelson space and its dual have unique unconditional bases. 

Proof. We have T right-dominant and clearly r(T) = 1. We need only observe 
that the canonical basis (e n ) is equivalent to (e 2n ) in T ([8] p. 14) and apply 
Theorem 5.7. □ 

Theorem 5.13 answers a question in [3], where it is shown that convexified 
Tsirelson has a unique unconditional basis. In fact much more is true as 
with T( 2 ) (cf. Theorem 7.9 of [3]). In fact one could prove Theorems 5.13 and 
5.14 directly from Theorem 3.5, by using known results, but it seems more natural 
to invoke the theory of right-dominant bases as here. 

Theorem 5.14. Every complemented subspace ofT with an unconditional basis 
has a unique unconditional basis. 

Proof. By Theorem 5.7, every complemented normalized unconditional basic se- 
quence is equivalent to a subsequence of the canonical basis. The result follows 
in the same way as the preceding result, since every subsequence of the basis is 

right-dominant and equivalent to its square ([8] p. 14). □ 
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6. Further examples: Orlicz sequence spaces 

In this section we construct some examples of spaces with unique unconditional 
basis but such that some complemented subspace fails to have unique uncondi- 
tional basis. 

Let F be an Orlicz function satisfying the A2— condition, normalized such that 
F(l) = 1. If we set 0(r) = sF'(s)/F(s) where s = e~ T then we can write F in 
the form 

log(l/t) 



F(t) = exp I - J <j>{f) dr 



for < t < 1. It will be convenient to let $(it) = (p(r)dr for s > 0. 

Lemma 6.1. Suppose disjoint in lp, and satisfy \\xk\\e F = 1- 

Suppose e~ Tk = \\xk\\oo and let q k = sup T>Tfe <p(r) and r k = inf r > Tfe 4>(r). Then 
for any a±, . . . , a n G R with \\ Y^=i a k x k\U F = I we have 



k=l k=l 

Proof. The proof is essentially trivial. We need only observe that if j G supp Xk, 

F(\a k x k (j)\) =exp($(log|a: fc (j)r 1 ) - ^(loglakXkij^-^FQakXkij^), 
and that, since \a k \ < 1 and |^fc(j)| < e _rfe , 

r fc log|a fc | _1 < ^(loglafcXfcO')!" 1 ) - $(log \x k (j) < q k log |a fc | _1 . □ 

Lemma 6.2. If lim^oo 0(£) = 1 then the Orlicz sequence space lp is anti- 
Euclidean. 

Proof. Note first that lp has cotype 2. Assume that for some M and every n 
there exist operators S n : l?> n — > lp and T n : lp — > l?, n so that T n S n is the identity 
on l 2 2 n , \\S n \\ = 1 and ||T n || < 1. 

For fixed n, we may pick by induction an orthonormal basis {fki^Li so that if 
v e [fk? k l j+ i then H^nvHoo < \\SnfjWoo. Let H n = [fk] k l n+v Then if v G H n , 
|| S n V || cso — || •S'n/n+l || 00 = a n , say. For fixed k G N we have Xljes \^nfj(k)\ < 
M\E\ X / 2 , when £ C [n]. It follows that if E k = {j G [n]: \S n fj(k)\ > a n } then 
\E k \< M 2 a~ 2 . But then 

n 

a n F-\M 2 a- 2 n-^<\\(J2\Sf,\ 2 ) 1/2 h F 

i=i 

< v 7 ™- 
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Hence 

F(a n /v^) < M 2 a" 2 n _1 . 

Now if H n = [fj]'jL n+ i then \\S n v ||oo < a n for v £ H n . It follows from the 
equation above that as n — > oo we have limo; n = 0. Now let U be a nontrivial 
ultrafilter on the natural numbers. Consider the ultraproduct £oo(^f)/co,u(^f) 
and the closed subspace thereof Z u = Z/co,u(^f) where Z is the set of sequences 
(x n ) with lim H^Hoo = 0. Then Zu must contain a complemented Hilbert space. 
However Z, as a Banach lattice, is an abstract L-space. This follows immediately 
from Lemma 6.1. Thus we have a contradiction. □ 

The Orlicz space I p has a symmetric basis and therefore every sequence of con- 
stant coefficient blocks is a complemented unconditional basic sequence. Each 
such sequence is equivalent to the canonical basis in a modular or Orlicz-Musielak 
sequence space ^F[s n ] of all sequences x such that J2JLi F Sj (\x(j)\) < 00 where 
F 8 (t) = F(st)/F(s). Conversely the canonical basis of every such modular se- 
quence space ^_F[s n ] is equivalent a sequence of constant coefficient blocks. If 
(s n ) fails to converge to then (cf [19], Proposition 3.a.5, p. 117) ^[^n] is iso- 
morphic to ip. If lim Tl _ ) . 0O s n = then we can suppose that (s n ) is monotonically 
decreasing. 

Let us say that F is multiplicatively convex or m-convex if it satisfies the 
condition that F(s e t 1 ~ e ) < F(s) e F(t) 1 ~ 9 whenever < s,t, 9 < 1. In this case 
it is clear that $ is concave and that cf> is monotonically decreasing. 

Now if F is m-convex and (s n ) is a monotone decreasing sequence it is easy 
to see that if a G coo and (r^) is an increasing sequence of natural numbers so 
that r k > k for all k then || J2kLi a k e r k h F [s n ] > II J2kLi ae k\\e F [s n ]- Tnus there 
is a weak form of dominance for the canonical basis of ^[^n]- Based on these 
observations we can repeat the arguments of Propositions 5.4 and 5.5, which only 
require this weakened version, to obtain the following: 

Lemma 6.3. Suppose F is m-convex and that (s n ) is sequence with < s n < 1 
and s n I 0. The canonical basis (e n ) of £F[s n ] is equivalent to its square if and 
only if (e n ) is equivalent to (e2 n )- 

Lemma 6.4. Suppose F is m-convex. Suppose (s n )^=i is a monotone decreasing 

sequence with < s n < 1, and that (u n ) is a complemented normalized disjoint 

sequence in ^[s n ]. Then there is a permutation irofN and a sequence (s^)^^ 
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satisfying < s' n < s n and such that (u^fa)) is equivalent to the unit vector basis 
of £p[s£J. If in addition lims n = we may suppose that (s' n ) is also decreasing. 

Remark. If we take s n = 1 for all n, we obtain the fact that every complemented 
block basis in lp is equivalent to a constant coefficient block basic sequence. 

Proof. The proof is standard. Suppose (w*) are the dual functionals and that 
fn = \u n \\Un\- Let r n = max fcesupp Un s k . Pick so that if A n = {k: \u n (k)\s k > 
s "} and B n = {k: \u n (k)\s k < then \\f n e An || 1} \\f n e Bn \\i > \- Then (u n ) 
is equivalent to both the sequences (u n eA n ) and (u n eB n )- However, since 4> is 
monotone decreasing then for k G A n and any < A < 1 we have 

F(Xs n \u n (k)\) F(A<) 
F(s n \u n (k)\) ~ F«) ' 

This implies that (u n eA n ) is dominated by the unit vector basis of £p A 
similar argument with B n gives that (u n ) is equivalent to 

To complete the proof suppose s > and observe that \ {n: s n > s}\ > \{n: r n > 
s}\ > \{n: s" < t}\ so that we can permute (s^) to form a sequence (s' n ) with 
the desired properties. □ 

Theorem 6.5. Suppose F is m-convex and lim^oo 4>{t) = 1. Suppose Z is a 
complemented subspace of If with an unconditional basis equivalent to its square, 
and such that Z is not isomorphic to If- Then Z has a unique unconditional basis. 

Proof. In fact the given unconditional basis is equivalent to the canonical basis of 
^f["S«,] where s n { and (e n ) is equivalent to (e2 n )- By Lemmas 6.2 and 6.4 and 
Theorem 3.5 we see that any other unconditional basis is permutatively equivalent 
to the unit vector basis of ^f[s^] where s' n J, is increasing and s' n < s n . But 
then, we can similarly find an integer iV so that the original basis is permutatively 
equivalent to a complemented disjoint sequence in the iV-fold product of this 
basis. Thus if (e n ) is the original basis there exists a permutation n so that 
(e^)) is equivalent to the canonical basis of £fW 1+ ^ u _ 1 / n ^]- The argument of 
Proposition 5.4 again establishes that (e^)) is equivalent to (e n ). But now the 
new basis is equivalent to (ejv n ) which is also equivalent to (e n ). □ 

We will specialize to consider functions of the form F(t) ~ t p \ logt| _a where 
p > 1 and a > 0. More precisely let g(r) = min(l,r _1 ) and let F p > a be the 
Orlicz function corresponding to (p = p + ag i.e. F p > a (t) = t p+a for e _1 < t < 1 
and F p,a (t) = e~ pa t p \logt\~ a for < t < e -1 . These functions are convex and 
m-convex. 
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Now suppose s n [ 0. For each n G N let N n be the greatest index such 
that s k > exp(-2 n ), and let N = 0. Let E n = {iV n _i + 1 < k < N n } and 
V n = [e k : k G E n ]. 

Proposition 6.6. Suppose 1 < p < oo and a > are fixed. Let F = F p ' a . Then 
if < s n < 1 and s n I 0, we have 

(1) e F [s n ]=e p (y n ). 

(2) There is a constant C depending only on p, a, so that if x G V n , then 

C _1 |MU G „ < \\x\\ eF[Sn] < C\\x\\i Gn . 

(3) lF[sn] = £ p as a sequence space if and only if there is a constant K so that 
N n < exp(if2 n ). 

Proof. (1) Notice that if k G E n , then sup r> | logSfe | 0(r) < g(2 n ~ 1 ) < p + 
a 2~(n-i) p^ ow ^ L emma g ^ if x G c o w e have 

||(||-Enz|lM s „])lk +a2 „_i ^ IMIM't,] < ll(ll^||^ F [ s „])||^ 

and by the Simons criterion [25] we obtain (1). 

(2) If k G E n , we have F Sk (t) < i ? e x P (-2™)(^) for < £ < 1. Conversely 

2 n 

(t)<eM g(r)dr)F 8k (t)<eF 8k (t). 

J\ogl/s k 

(3) If x G y n then by Lemma 6.1 we have 



I „ < ll^ll/pfs 1 ^ ll^l 



' P 



so that if N n — N n _i < N n < exp(K2 n ) each {ek)keE n is uniformly equivalent 
to the usual basis of £p n ~ Nn ~ 1 . Conversely note that 

II VetIL r i < ArVb+as-™) 

II efc HM s m] — iv n 

k=l 

so that the condition is also necessary. □ 

We now give a general criterion for checking permutative equivalence of two 

bases in these special Orlicz modular spaces. 
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Lemma 6.7. Suppose 1 < p < oo and a > are fixed and let F = F p ' a . Suppose 
< s n , s' n < 1 and s n ,s' n { 0. Suppose the the canonical bases of Ip^n] o,nd 
£p[s^] are permutatively equivalent. Then there is a constant K so that for every 
n> 1 and k > 2 we have 

llog^T 1 < llog^l^ + KaogA;)- 1 

and 

llogSn+fcT 1 < | logS^I" 1 + iif(logfc)- 1 . 

Proof Let us define 

D(n,k) = inf sup ||e B || Msm] 

\A\=n+k BcA 
\B\=k 

D'(n,k) = inf sup IM| Ms >j. 

\A\=n+k BcA 
\B\=k 

Then there is a constant C so that for all n, k we have C~ 1 D(n, k) < D'(n, k) < 
CD(n, k). Notice however that 

n+fc 

D(n,k) = || e jh F [s n ] 

j=n+l 

and hence if Tj = log 1/sj , 

k l/(p+ag(T n+k )) < JJfafy < k l/(P+ag(r n )) 

and similarly for D'(n, k). It follows that 

l ° gk <lo g C + l ° gk 



p + ag(T n+k ) ' p + ag(r^) 

and this combined with a similar inequality with roles reversed gives the re- 
sult. □ 

Proposition 6.8. Suppose < s n < 1 and s n { 0. The canonical basis of 
^F[s n ] is equivalent to its square if and only if there exists I > 1 so that N n+ i + 
exp(2 n +0 > 2N n for all n > 1. 

Proof. From the preceding lemma, we obtain that if the canonical basis is equiv- 
alent to its square then, 

log | logs 2n | < log I log s n I +K(\ogn)~ 1 
30 



for some constant K. Now suppose N n+L + exp(2 n+l ) < 2N n . Then logiV n > 
2 n+i _ log2 > 2»+'-i and hence 

llog^J" 1 < \ \ogs 2Nn \- lj r2K2- n - 1 < (l + 2K)2- n ~ l . 

Thus 2~ n - x < (1 + 2K)2~ n ~ l so that / < log 2 (2 + AK). This implies the given 
criterion. 

For the converse, notice that since the standard £ p — basis is equivalent to some 
subsequence of the given basis, the canonical basis is equivalent to the canonical 
basis of a space ^F[«n] where N' n = N n + [exp2 n ]. It is then clear that for some 
fixed / we have N' n+l < 2N' n . This in turn implies that | log | < -KT|logs^| 
for some constant K. But then (t) < K a F s > n (t) for < t < 1 whence the 
result. □ 

Theorem 6.9. Suppose a > and let F(t) ~ t\ logt|~ a for t near zero. Let Z 
be a complemented subspace of If with an unconditional basis (u n ). Suppose Z 
is not isomorphic to If- Then: 

(1) If (u n ) is equivalent to its square then Z has a unique unconditional basis. 

(2) If every complemented subspace of Z with an unconditional basis also has a 
unique unconditional basis then Z is isomorphic to t\. 

Remark. By combining Propositions 6.6 and 6.8, it is clear that we can find (s n ) 
with s n I 0, so that the canonical basis is equivalent to its square, but ^[^n] is 
not isomorphic to l\. Thus Theorem 6.9 answers Problem 11.2 of [3] negatively. 

Proof. (1) has already been proved above; it is a special case of Theorem 6.5. For 
(2) we consider F = F 1 ^ and a sequence < s n < 1 with s n [ 1. Let iV n , E n and 
V n be defined as before and let M n = N n — iV n _i. We may suppose, without loss 
of generality that Sk = exp(— 2 n ) when N n -i < k < iV n , by applying Proposition 
6.6 (2). Assume that every subsequence of the canonical basis of ^F^n] spans a 
space with a unique unconditional basis. 

Let P n = [v / M n ]. We use a result of [15] that since the given basis of each 
V n is symmetric there is an unconditional basis (uk)keE n of each V n uniformly 
equivalent to the direct sum of M n — P n members of the given basis and P n 
constant coefficient vectors of length P n . 

Now if Af is any infinite subset of N we can consider the basis (uk)keE n ,neAf °f 

the subspace [ek\keE n ,neN- This is equivalent to the canonical basis of the space 

^F[(s' k )keE n ,neJv] where s' k = s k for iV n _i + 1 < k < N n - P n and s' k = p n s k for 

N n - P n + 1 < k < N n where F(p n s k ) = P^F^Sk). Clearly p n < P n " (1+a)_1 . 
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Now assume that ^[s n ] is not isomorphic to l\. Then 2 _n logM n is un- 
bounded. We then choose M = {ni, n 2 , . . . } inductively so that p nj exp(2 _n ^) > 
exp(2~ nj+1 ) for j = 1,2, . . . and that 2~ nj logM, is unbounded. Then the se- 
quence (s' k )keE n ,neAf is already in decreasing order and the corresponding basis 
is equivalent to that for (sk)keE n ,neN '■ Lemma 6.7 can now be used again to show 
that for some constant K we have that for n E M, 

2" n < (| logp n | + 2")" 1 + KilogPn)- 1 ). 

Since | logp n | > (1 + a) -1 logP n this implies that 

logP n < K'T 

for some K' . Thus logM n < 3K'2 n for n E M and we have a contradiction. □ 

Remark. This theorem can be proved for wider range of Orlicz functions. Specif- 
ically a proof along the same lines can be given if <fi decreases monotonically, <fi' 
is eventually monotone increasing, 4>{r) — 1 = 0((logr) _1 ) and r(0(r) — 1) is 
eventually increasing. 

Finally let us notice it is also possible to give a super-reflexive version. 

Theorem 6.10. Let F(t) ~ t 2 1 log fort near zero. Let Z be a complemented 
subspace of If with an unconditional basis (u n ). Suppose Z is not isomorphic to 
£ F . Then: 

(1) If (u n ) is equivalent to its square then Z has a unique unconditional basis. 

(2) If every complemented subspace of Z with an unconditional basis also has a 
unique unconditional basis then Z is isomorphic to £2- 

Proof. The proof of (2) is identical to the proof given above. For (1), we need 
a result analogous to Theorem 6.5. An inspection of the proof reveals that it is 
only necessary to show that every complemented unconditional basic sequence 
is equivalent to a sequence of constant coefficient blocks. It suffices to prove the 
same result in £* F = Iq where Git) ~ t 2 |logt|. But every unconditional basic 
sequence in £c is equivalent to sequence of constant coefficient blocks [6] . □ 

Remark. In fact in the dual space Iq the results hold for any subspace with an 
unconditional basis (even if uncomplemented). 

It may also be shown that the theorem is valid for Fit) ~ t 2 \ logt| _a where 
a > 1. 

This requires a complex interpolation technique which we will not expound 
here. 
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